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Bei linson 1985



Ext groups
= motivic cohomology

☐ (Mills)) ≥ MMG) ? MCs)
↑

"

projective
"

objects

↓

1) (6h03) 2 Coho) ? Vectls)
(S affine)

Ext groups
= coherent cohomology



Hotels ,
QIp)):= Eaten,,> (Mls) , Mls)☒(pD

a

This should be a
" universal

"

cohomology theory .



Realization functors
Shvlsét)

Mills) → shuts)
Shu ISCED

induce maps on
Ext
*

.

⇒ H*µls , ☒(*)) → 1-1%(5,01*7)

H*µ(S , ☒ ☒D → HI.mg#QC*D



CHIS)• → 11%+6 , ☒em

→ H¥gs , ☒I



Beiiinson's candidate:

HIS ,Q(p )) ≈ Grjkzp.q.IS/q



Grothendieck - Riemann - Roch :

KHS) ≈ Gri Kds)☒
" "

CHES)q ≈ CH"(5)☒



Kocx) = Kolcoh (X))

generated by coherent sheaves 3- c- Cohcx)

modulo relations

(F) = IF 't + ft
"]

for all exact sequences

0 → F
'
→ F → F

"
→ 0 .



Kik) = higher algebraic K-theory

(Quillen)



Bloch ( 1986) + Levine ( 1994) :

higher Chow groups
CHEX

, p)

CH*dX
, pkg → Grf Kpk)☒



Hoflx , app ≈ CHPCX
, 2p

-g)
☒

HʰM(X , #(pp ≈ CH(× , 4+9-7☒



In
"

classical
"

(a) homology ,

we
have localization long exact sequences,

Mayer - Vietoris , cohoniolosical descent
,

. . .



In our
"

algebraic
"

homology theories
,

we only have :

CH*(Z>→ CH*(×) → 41*1*2-7 → 0

Kolz) → KOCH → K◦(✗ it) → 0



The
"

higher
" theories correct this :

- -
.

-2
, CHq.CZ ,p) →CHqlx.pl → CHqcxiz.pl

Is CHq(Z, p - 1) → . . .

-
-

% Kp (Z) → Kp (X) → Kpfxiz) % .
.
-



14*1×7 and CH# *) are the

homotopy groups
of a - groupoid §

"

homotopy types
"

KCX) and 2-
g.
(X) .



At the level of re - groupoid , we have

fibre sequences
:

2-
g-
(Z) → zqlx) → zglxiz)

KIZ) → KH) → klxiz)



Zqlx) = impose rational equivalence men

on algebraic cycles up to homotopy

KIX) = impose [F)
= [F

'
] -1ft

"] cretins

on coherent sheaves up
to homotopy



Let A be a set.

R ≤ A ✗ A equivalence relation

→ R €, A

AIR = colim.IR A) = coeglr-3A)



We can think of R⇒→ A as

presenting a groupoid
G with

Ob (G) = A

Mor (G) = R

We have (G) = AIR .

set of connected components



More generally , we can consider

simplicial diagrams :

- . . _⇔¥ An ¥, Ai Ei Ao

which leads us
to ✗ - groupoid .

coefualiters
→

"

geometric realizations
" of

simplicial diagrams



standard algebraic n-simplex

D; = Speccklto, _ .> ta]/&ti - D) ( =/A:)

There are face and degeneracy maps between Ann's

which lead to a simplicial diagram

- . -7¥ 2-
*
(✗ { sij →⇒¥xx§n)¥Z%✗:D

:)
.

2-
*

(X)

The resulting ✗ - groupoid is Z*(×) ' ={alg . cycles on ✗1

Note : We need to look at subgroups of cycles which

are in
"good position

"

,
i.e. intersect properly with the faces .



Let us return to the guston of

constructing Dm( 5) .



Clausen-Schlie

Animation (a.k.a . derived categories in re - category theory)

Quillen
,
Lurie

A = a category of
" finite projective

" objects

There exists an
A - category Ñ such that

• A = { compact projective objects in Ñ } ≤ Ñ

• The objects of Ñ are built out of

filtered cdimits ( " unions of increasing towers
") in &

and geometric realizations
(quotients of higher equiv . island

into

There exists a stable A-category D (d) which is

obtained by inverting the
"

suspension
"

functor in & .



Examples :

A = { finite sets }

→ & = { re - groupoid } (homotopy types

DCA) = { spectra} ↳table homotopy types)

A = { f.g. projective
R-modules}

→ Ñ = DIR) ≥. f- DCR)
"

)

DH) =D (R)



S scheme built out of

let A = Mls) = { Chow motives over 54
" relative

"

correspondences

→ DMLS) =-D(A)

Agrees with Voeuodsky motives by work of

Bondarko , F- Jin .



Voevodsky 's Construction :

Take A -_Sms = { smooth 5- schemes } .

✗✗1A
'
→ ✗ ltxesms

DMG) ÷ D(Sms) /{ uw → × um →v1 HP 't
"]

1 twistUN
u → %

Verdier quotient

Define motivic cohomology using Ext
's in DM .

Theorem (hard) :

motivic cohomology ≈ higher Chow groups



Theorem (Voeuodsky
, Ayoub , . . _) :

The construction 5 ↳ DMCS)☒

admits the six functor formalism .



Beilinson 's conjectures on motivic sheaves

There is a www.ct-strnd-u#
on DMG)

( non-degenerate , compatible with perverse tistruetuoes

under realizations) .

→ MMCS) : = DMG)
.

(hypothetical) abelian category
of motivic sheaves

overs



Theorem (Hauamura, Beilinson , Bondarkg . . .) :
Hanamura

Beiknson

Existence of the motivic t-structure

Bonderko

I

Grothendieck's standard conjectures



The conservatively conjecture:

The Betti realization functor

"

genetic
"

☐m(¢) → DGQ)
motives

gm
*

is conservative .



Conservatively → Bloch conjecture

s smpvoj surface /a 4%1×7=0

Alb : [How → ntblxlh) is injective .


