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Isogeny classes of abelian varieties over finite fields

Introduction The database currently contains 2,945,722 isogeny classes of abelian varieties of dimension | Learn more about ©)
up to 6 over finite fields. You can browse further statistics or create your own.
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Y, N\&Q\[\ W?\"S Ordinary

3]

1 2 3 4 5



1 2 3 4 5 6

Newton Polygon with Slopes [0,0,1/2,1/2,1, 1!



1 2 3 4 5 6

Newton Polygon with Slopes [0,1/2,1/2,1/2,1/2,1]



1 2 3 4 5 6

Newton Polygon with Slopes [1/3,1/3,1/3,2/3,2/3,2/3]



X N\&Q\I\ W?\S Supersingular

37

1 2 3 4 5

Newton Polygon with Slopes [1/2,1/2,1/2,1/2,1/2,1/2]
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Y, N\&Q\[\ W?\"S Ordinary

3]

1 2 3 4 5



1 2 3 4 5 6

Newton Polygon with Slopes [0,0,1/2,1/2,1, 1!
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Newton Polygon with Slopes [0,1/2,1/2,1/2,1/2,1]
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Newton Polygon with Slopes [1/3,1/3,1/3,2/3,2/3,2/3]
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Newton Polygon with Slopes [1/2,1/2,1/2,1/2,1/2,1/2]



What is the rule for Newton Polygon frequency?
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What is the rule for Galois Groups frequency?

Dimension | Group | ¢=2 | ¢g=3 | qg=4 | g=35
3 6T1 4 2 6

3 6T3 14 32 84 88

3 6T6 14 34 52 94

3 6T11 48 280 676 1850




2 3 4 5 7 8 9 11
6711 0.31636 0.11844 0.26715 —o0 0.30254 0.23744 0.14698 0.25954
2T1 —00 —00 — 00 —00 —00 0.079146 —o0 — 00
6713 0.60225 0.59221 0.66064 0.58783 0.60854 0.54666 0.63575 0.57555
6111 | 0.88343 0.96285 0.97157 0.98768 0.99256 0.99380 0.99424 0.99707
616 0.60225 0.60257 0.58913 0.59649 0.58877 0.60836 0.58708 0.59022

log( Number with given group)/log(Total)






Num of Groups | Num of Newton Poly
2 2

5 5

9 12

46 20

If random: possible = (5-1)*(5-1)*(5) = 80
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Actual Possible = 15












Sutherland, g="1

al histogram of y™2 + xy + y = x~3-x"2 - 20067762415575526585033208209338542750930230312178956502x
+ 34481611795030556467032985690390720374855944359319180361266008296291939448732243429 for p <=2"10
172 data points in 13 buckets, z1 = 0.023, out of range data has area 0.250

Moments: 1 1.034 1.716 2.532 4.446 7.203 13.024 22.220 40.854 72.100 133.961

Josses”,



Classes,

Sato Tate Histograms
g=1, q=2
(number of isogeny classes)=5,
(number of bins)=4

1-

0.8 A

=

Moments: [0.707106781186548, 1.50000000000000, 2.47487373415292, 4.95000000000000, 9.72271824131503]

osses”



" Sutherland, g=2

al histogram of y22 = x5 - x + 1 for p <= 2710
167 data pointsin 13 buckets, z1 = 0.030

Moments:1 0.098 1.031 -0.011 3.041 -0.725 13.944 -3.026 81644 4.428 547.633




Classes,

Sato Tate Histograms
g=2, Q=2
(number of isogeny classes)=20,
(number of bins)=2

1 -
0.8 A

0.6 -

0.4

Moments: [0.689429111656884, 3.55625000000000, 12.2970288665723, 55.4851562500000, 259.317325107260]
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Sutherland g=3

al histogram of y*2 = xA7-x+1 for p <= 2210
168 data points in 13 buckets, z1 = 0.030

Moments: 1 0.167 0879 0552 2166 2195 9.022 10.737 48.674 61.554 297.030



Classes, g=3

Sato Tate Histograms
g=3, q=2
(number of isogeny classes)=80

1..

0.8 1

0.6 1

Moments: [1.07833784130949, 6.15234375000000, 38.0919251665952, 309.739672851563, 2860.44597199945]

10



|Isog Classes,

Sato Tate Histograms
g=4, q=2
(number of isogeny classes)=665,
(number of bins)=12

1 -
0.8 A

0.6 A

0.4

Moments: [1.10359165492329, 7.93043937969925, 68.3729049710662, 822.778373087259, 11831.8423819417]

10



|Isog Classes,

Sato Tate Histograms
g=>5, q=2
(number of isogeny classes)=6324,
(number of bins)=39

1 -
0.8 A

0.6 A

0.4

Moments: [1.36721008148421, 10.7234382412239, 110.639910824874, 1580.18394625843, 27431.1587237160]

10
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g max q num isog classes
1 503 6184

2 223 1253897

3 27 1055307

4 7 183607

5 4 281790

6 3 164937
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40 -
35 1
30 A

25 1
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Closies del we

Ordinary Arbitrary

g | Predicted Actual Predicted Actual
25 284444 284740 355556 332166
5 104025 105600 130032 132839
3 170796 171180 256194 267465
2 72362 74122 144724 164937

S O = W

Table 1: Predicted versus actual values for the number of isogeny classes of
ordinary/arbitrary abelian varieties of dimension g over F,,.
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g | Predicted Actual Predicted Actual
1 0.5 0.4971 1.3863 1.3717
2 1.5 1.4178 2.3671 2.5302
3 3 2.9135 3.1248 3.2598
4 5 4.5452 3.7283 4.2707
5 7.5 7.2188 4.2141 4.5660

Table 1: Predicted versus actual (least squares) values for the equation

Qloed Al vse

log N(g,q) = alog(q) +b.


















Not-o-Tate Distributions
come from "slicing"



Sato Tate Histograms
g=2, Q=2
(number of isogeny classes)=20,
(number of bins)=2

1_

0.8 A

0.6 1

—~

Moments: [0.689429111656884, 3.55625000000000, 12.2970288665723, 55.4851562500000, 259.317325107260]



Sato Tate Histograms
g=3, q=2
(number of isogeny classes)=80,
(number of bins)=4

1 -
0.8 A

0.6 A

0.4 -

Moments: [1.07833784130949, 6.15234375000000, 38.0919251665952, 309.739672851563, 2860.44597199945]
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Sato Tate Histograms
g=4, q=2
(number of isogeny classes)=665,
(number of bins)=12

1 -
0.8 A

0.6 A

0.4 -

Moments: [1.10359165492329, 7.93043937969925, 68.3729049710662, 822.778373087259, 11831.8423819417]

10



Formulas for Not-o-Tate

1 < 2
0 fz[>2
oo [P (el <)
0 (|z| > 4)
(535 (15|2]* — 200|=|? + 816) (|z| < 2)
g=3:4 315(6—|z])° (2 <lz] <6)
0 (|x| > 6)
( 5(—|x|®—72|z|®—2304|x|"+64512|x|® —516096|x|° +1548288|x|* — 7077888 |x|*+24117248)
230
g=4:9 35 (8 — |2])°
0

x| <4
(4 <lz| <38)
(|x] > 8).



Table 1: Even moments for the Sato-Ain’t distributions for g = 3,4, 5, 6.

o | 2nd  4th 6th 8th 10th 12th 14th

3] 1.7142 8.6857 71.7575 796.1318  10750.4655 166954.5839 2.8786 x 10°
4| 17777 9.4199  82.5201 1001.4566 15384.2906 282674.8553 5.9748 x 106
5| 1.8181 9.8834  89.1908 1121.6573 18035.9973 351973.2932 8.0435 x 10°
6 | 1.8461 10.2041 93.7929 1203.9623 19814.7906 397315.2698 9.3803 x 10°
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Primitive Element Polynomial For Splitting Field

23 — 12247 4126 2% — 1136 2% + 10623 2% — 80788 x*3 + 572972 1% — 3794180 z*!
+ 25110359 2*° — 150754924 2°° + 864296430 2°° — 4608220388 23" + 24630124727 2°°
— 120357179236 23° + 544218581694 3% — 1976498403408 233 + 6175583306542 232
— 11748946994864 23! — 25953303296718 2°Y + 658025272943440 229 — 4918263858685364 2°
+ 27257734674932420 227 — 118028134817669378 225 + 474022673382364964 2%°
— 1432580743005391943 z°* + 3158573611513583112 22 + 291113504498848644 2
— 28948851788385140332 2! + 250066543986644814756 °° — 1032538101324173545784 2**
+ 4433828273954846081182 z'® — 13741075467595938086308 " + 58230819876836241546592 ¢
— 149204830396162560632528 z'° + 367825526639876473987746 '+ — 641204821805389714820452 :'?
+ 3415405215732704256633922 212 — 11514307327259494628603996 =t + 17196014545776089748865200 21"
— 11607867051263915093257704 z° + 63896590907239331589164012 2® — 390882010395402712374755812 z”
+ 138361302581233087318671540 2° + 589819133878708046082597488 x°
+ 2328668323211919873156624413 2* — 3501063463145661543316532816 x>

— 4692146676664204375785530794 2% + 4196562377958895400156910784 x
+ 8236204150604868555410746909












